We consider the q-state Potts model on families of self-dual strip graphs G D of the square lattice of width L y and arbitrarily great length L x , with periodic longitudinal boundary conditions. The general partition function Z and the T = 0 antiferromagnetic special case P (chromatic polynomial) have the respective forms
Introduction
The q-state Potts antiferromagnet (AF) [1, 2] exhibits nonzero ground state entropy, S 0 > 0 (without frustration) for sufficiently large q on a given lattice Λ or, more generally, on a graph G = (V, E) defined by its set of vertices V and edges joining these vertices E. This is equivalent to a ground state degeneracy per site W > 1, since S 0 = k B ln W . There is a close connection with graph theory here, since the zero-temperature partition function of the above-mentioned q-state Potts antiferromagnet on a graph G satisfies Z(G, q, T = 0) P AF = P (G, q) (1.1)
where P (G, q) is the chromatic polynomial expressing the number of ways of coloring the vertices of the graph G with q colors such that no two adjacent vertices have the same color (for reviews, see [3] - [5] ). The minimum number of colors necessary for such a coloring of G is called the chromatic number, χ(G). Thus
where n = |V | is the number of vertices of G and {G} = lim n→∞ G. At certain special points q s (typically q s = 0, 1, .., χ(G)), one has the noncommutativity of limits and hence it is necessary to specify the order of the limits in the definition of W ({G}, q s ) [6] . Denoting W qn and W nq as the functions defined by the different order of limits on the left and right-hand sides of (1.3), we take W ≡ W qn here; this has the advantage of removing certain isolated discontinuities that are present in W nq . Using the expression for P (G, q), one can generalize q from Z + to C. The zeros of P (G, q) in the complex q plane are called chromatic zeros; a subset of these may form an accumulation set in the n → ∞ limit, denoted B [26] , which is the continuous locus of points where W ({G}, q) is nonanalytic. (For some families of graphs B may be null, and W may also be nonanalytic at certain discrete points; this is not relevant for the present paper.) The maximal region in the complex q plane to which one can analytically continue the function W ({G}, q) from physical values where there is nonzero ground state entropy is denoted R 1 . The maximal value of q where B intersects the (positive) real axis is labelled q c ({G}). This point is important since it separates the interval of physical q ≥ q c ({G}) on the positive real q axis where the Potts model exhibits nonzero ground state entropy (without frustration) from the interval 0 ≤ q ≤ q c ({G}) in which W has different analytic form(s).
In this paper we shall present a number of exact results on the Potts model partition function and the special case comprised by the zero-temperature Potts antiferromagnet for families of self-dual strip graphs of the square lattice with (i) a fixed transverse width L y , (ii) arbitrarily great length L x , (iii) periodic longitudinal boundary conditions, and (iv) such that each vertex on one side of the strip, which we take to be the upper side (with the strip oriented so that the longitudinal, x direction is horizontal) are joined by edges to a single external vertex. A strip graph of this type will be denoted generically as G D (where the subscript D refers to the self-duality) and, when its size is indicated, as G D (L y × L x ). We shall present a number of structural formulas that hold for arbitrary L y . After recalling our earlier work for the case L y = 1 [6, 7] , we shall present exact results for the chromatic polynomial for L y = 2 through L y = 4 and shall study the zeros of these polynomials and determine the continuous accumulation set B of these zeros in the limit L x → ∞. In Fig.  1 we show an illustrative example of this family of strip graphs, for the case L x = 4 and L y = 3. In general, the graph
vertices, equal to the number of faces, f , and
edges. We recall that the dual G * of a planar graph G = (V, E) is defined as the graph obtained by replacing each vertex (face) of G by a face (vertex) of G * and connecting the vertices of the resultant G * by edges (bonds). The graph G is self-dual if and only if G = G * .
It is easily checked that the family
We recall that the degree ∆ of a vertex is defined as the number of vertices to which it is adjacent (i.e., the number of nearest neighbors). In the graph
vertices with degree ∆ = 4, L x vertices with ∆ = 3, and finally the one external vertex with ∆ = L x . The chromatic number is
The (infinite) square lattice (interpreted as the infinite limit of a graph) is self-dual, and this property has been useful in studies of the Ising, and general q-state Potts model on this lattice. An early example of this was the calculation by Kramers and Wannier of the critical temperature of the (zero-field) Ising model on the square lattice [8] before Onsager derived a closed-form expression for the free energy [9] . The Potts model partition function and the equivalent Tutte polynomial [10, 11] of a planar graph G satisfy certain symmetry relations when one changes G to G * [2, 12] . Let us define v = e K − 1, where K = J/(k B T ), with T being the temperature and J the spin-spin exchange constant for the Potts model. Then [2] 
If G = G * , this reduces to an identity relating the q-state Potts model on G to the same model with v → q/v. In previous studies of complex-temperature (Fisher) zeros of the Potts model, it has proved useful to employ families of sections of the square lattice that are self-dual so that one can take advantage of the symmetry property (1.7) [13] - [18] . The resulting patterns of zeros can be compared with those obtained with other types of boundary conditions [13, 19, 20] . It may be recalled that in finite-lattice studies one often chooses periodic boundary conditions to minimize boundary effects, but these do not preserve the selfduality property of the infinite square lattice. There are several types of self-dual boundary conditions for strips of the square lattice [13, 15, 16] . (The boundary conditions involved in the family G D (L y × L x ) were denoted DBC2 in [16] .) In this paper, instead of studying complex-temperature zeros, we shall focus on zeros of P (G, q) in the complex q plane. As we shall show, these exhibit some very interesting features. In particular, we shall show that for all of the strip widths considered, we find a universal value of q c , namely q c = 3, the value for the infinite square lattice [21] .
Some General Properties
For a recursive family of graphs, such as the strip graphs considered in this paper, comprised of L x repetitions of a basic subgraph, the q-state Potts model partition function for arbitrary q (not necessarily in Z + ) and v has the form [12] Z(G, q, v) =
where the coefficients c Z,G,j and the terms λ Z,G,j depend on the lattice type, the boundary conditions, and the width, but not the length. Since we are only dealing in this paper with a particular type of strip graph, G D , we shall henceforth usually suppress the G D in the notation, but shall make explicit the dependence on L y , writing N Z,Ly,λ for the total number of terms, λ Z,Ly,j for a given term, c Z,Ly,j for the corresponding coefficient, and similarly for the chromatic polynomial. Since the chromatic polynomial is a special case of the Potts model partition function, it also has this form [26] 
Following our earlier nomenclature [6] , we denote a λ as leading (= dominant) if it has a magnitude greater than or equal to the magnitude of other λ's. In the limit n → ∞ the leading λ in Z determines the free energy per site f = lim n→∞ Z 1/n and similarly the leading λ in P determines the function W defined in (1.2). The continuous locus B where f or W is nonanalytic thus occurs where there is a switching of dominant λ's in Z and P , respectively, and is the solution of the equation of degeneracy in magnitude of these dominant λ's.
In general one can regard the λ's as the (nonzero) eigenvalues of a certain coloring matrix [23, 24, 25] . In our earlier calculations, we have found examples of zero eigenvalues [25] , but for the present family we only obtain nonzero eigenvalues. We note that while the coefficients c P,Ly,j and c Z,Ly,j can be obtained as multiplicities of the distinct eigenvalues λ P,Ly,j and λ Z,Ly,j for sufficiently large integer q, they may be zero or negative for some positive integer values of q. More generally, while they play the role of eigenvalue multiplicities for sufficiently large integer q, the domain of their definition may be generalized to q ∈ R + or, indeed, to q ∈ C.
The dimension of the space of coloring configurations, N , is equal to the sum of the multiplicities of each distinct eigenvalue, i.e., the sum of the dimensions of the invariant subspaces corresponding to each of these distinct eigenvalues. For the chromatic polynomial, this is N , which is equal to the sum 3 Structural Theorems
Coefficients
We find that the coefficients that enter into (2.2) for P (G D , q) and (2.1) for Z(G D , q, v) are polynomials in q that consist of a special restricted set with the property that the coefficient
where T n (x) and U n (x) are the Chebyshev polynomials of the first and second kinds, defined by . The first few of these coefficients are
We have established the following factorization:
where
In [25] , we showed that the coefficients c Ly,j that entered into Z(G s , q, v) and hence also P (G s , q) for cyclic strips G s of the square or triangular lattices (and Möbius strips of the square lattice) were of the form [25] 
The κ (d) can be expressed as differences of these c (d) coefficients:
The κ (d) coefficients have the following general properties.
• Given the expression of κ (d) , (3.1.1) in terms of Chebyshev polynomials, and the recursion relation for these Chebyshev polynomials (for n ≥ 1)
we obtain the recursion relation for the
is a polynomial of degree d in q whose coefficients alternate in sign.
• κ (d) has the factor q.
• If and only if d is even and d ≥ 2, then κ (d) has the factor (q − 2).
• If and only if d = 0 mod 3 and d ≥ 3, then κ (d) has the factor (q − 3).
• The coefficient of the term
• we have an alternate formula for κ (d) ,
(In our earlier work [25] for different strip graphs, the coefficients were defined to start with c (0) = 1, so that the range went from 0 ≤ d ≤ L y ; in both cases, the resultant chromatic polynomial has terms in q ranging from q n to q.) The total number, N P,Ly,λ , of different terms λ P,Ly,j in (2.2) is then given by
For the sum, (2.3), of the coefficients in (2.2) we have
Using the same methods as in [25] , we have determined the numbers n P (L y , d) of λ P,Ly,j 's that have each type of coefficient, κ (d) . From coloring matrix arguments, using the fact that a transverse slice along the strip is a path (tree) graph T Ly+1 , for which the chromatic polynomial is
Solving these equations, we find that
and
with all other numbers n P (L y , d) being determined by the recursion relation
In particular, we find
where M n is the Motzkin number, given by
is the Catalan number. (The Catalan and Motzkin numbers occur in many combinatoric applications [59] - [61] .) We find that the n P (L y , d) are closely related to certain numbers enumerating random walks. To explain this, consider a random walk on the nonnegative integers such that in each step the walker moves by +1, −1, or 0 units. Denote m(n, k) as the number of walks of length n steps starting at 0 and ending at k. The case k = 0 describes the number of walks defined above that return to the origin after n steps. This is given by the Motzkin number; m(n, 0) = M n . Define the sum
We find that the numbers n P (L y , d) are precisely equal to these enumerations of random walks:
The values of the n P (L y , d) for L y = 1 to L y = 10 are listed in Table 1 . (Note that S 9 should read 6046 in the related Table 3 of Ref. [25] .) From the identity (3.2.13), it follows that the total number of terms N P,Ly,λ is
These numbers are listed in Table 1 .
We have determined a generating function whose expansion yields the numbers N P,Ly,λ :
Combining this with our results from [25] , we observe the interesting fact that the total numbers of terms N P,Ly,λ for the chromatic polynomial of a G D (L y × L x ) strip graph (for any L x ) is equal to 1/2 the corresponding total number of terms for the cyclic or Möbius strips of the square or triangular lattice with the next larger width, L y + 1, i.e.,
Further, we observe the intriguing relation
where N DA,sq,n denotes the number of directed n-site lattice animals on the square lattice. We prove this by noting that the generating function (3.2.15) that we have found for N P,Ly,λ is the same as the generating function for directed n-site lattice animals on the square lattice given in [62] . From (3.2.15), it follows that for large width L y , N P,Ly,λ grows exponentially fast, with the leading asymptotic behavior:
This is the same asymptotic behavior that we found in [25] for the total number of terms entering in the chromatic polynomials for the cyclic or Möbius strips of the square or triangular lattice of width L y .
Determination of n
From the same type of coloring matrix arguments used in [25] , we have
Solving these equations, we obtain the general results
with all other numbers n Z (L y , d) being determined by the recursion relation
We solve this recursion relation with the conditions (3.3.2)-(3.3.4) in closed form and obtain
Summing these numbers, we find, for the total number of terms
We observe that the total numbers of terms N Z,Ly,λ for the Potts model partition function on the G D (L y × L x ) strip graph (for any L x ) is equal to 1/2 the corresponding total number of terms for the cyclic or Möbius strips of the square or triangular lattice with the next larger width, L y + 1, i.e.,
There is also an interesting connection with directed lattice animals:
where N DA,tri,n denotes the number of directed n-site lattice animals on the triangular lattice. As L y → ∞, N Z,Ly,λ has the leading asymptotic behavior
The values of n Z (L y , d) and N Z,Ly,d are given for 1 ≤ L y ≤ 10 in Table 2 .
In what follows, we shall need to refer to our calculation of the numbers n Z (L y , d) of λ's with associated coefficient c (d) for cyclic strips G s of the square or triangular lattice of width L y (and arbitrarily L x in [25] . We found
for 0 ≤ d ≤ L y and zero otherwise. These values will be needed below and are listed in Table  3 . n ↓ m → 1 2 3 4 5 6 7 8
Connection with Bratteli Diagrams for T L n (q)
There are a number of interesting algebraic properties of structural elements and properties of the chromatic polynomials and Potts model partition functions equivalently Tutte polynomials. The interpretation of the coefficients c P,Gs,j in chromatic polynomials as dimensions of invariant subspaces of coloring matrices was discussed in [23, 24] and its generalization to the full Potts model partition function was discussed in [25] . Thus, C P,Gs,Ly and C Z,Gs,Ly are sums of these dimensions, a fact that we have used in [25] and eqs. (3.2.3) and (3.3.1) here.
In [25] we pointed out another connection, namely the fact that the numbers n Z (G s , L y , d) for 0 ≤ d ≤ L y for cyclic strips G s of the square or triangular lattice of width L y were related to Temperley-Lieb algebras. We have found a very interesting generalization of this for the n Z (G D , L y , d) calculated here. Let us denote T L n (q) as the Temperley-Lieb algebra of operators U i , n = 1, .., n satisfying [63, 64] 
where [A, B] = AB − BA, and
Associated with the structural decomposition of this algebra T L n (q) there is what is known as a Bratteli diagram [65, 64, 66] , given in Table 4 . We observe the following interesting properties:
• For even n = 2L y , the entries in this row of the Bratteli diagram are equal to the n Z (L y , d) for the cyclic strip of the square lattice of width L y and arbitrary length L x for m = 2d + 1 with d in the range 0 ≤ d ≤ L y , i.e., 1 ≤ m ≤ 2L y + 1 = n + 1.
• For odd n = 2L y + 1, the entries in this row of the Bratteli diagram are equal to the n Z (L y
As this makes clear, the numbers n Z (L y , d) for the cyclic strip and the G D strip can be expressed via a single formula. Define
so that the C n,m satisfy the recursion relation
Then with these substitutions, C n,m reduces to the respective expressions (3.3.11) and (3.3.6). Indeed, the fact that our results in [25] related n Z (L y , d) for the cyclic strips of the square and triangular lattices to the even-n rows of the Bratteli diagram, i.e., the rows for T L 2Ly (q), raised a question: is there a family of graphs with the property that the coefficients in the generic formula (2.1) are restricted to a simple set such that the number of λ's with coefficients of a particular type fill out the odd-n rows of the Bratteli diagram. We had searched for such a family of graphs and had finally found it in the form of the G D (L y × L x ) graphs, which have provided an affirmative answer to this question: the entries in the odd n = 2L y + 1 rows are given by the n Z (L y , d), as described above. Thus, our current results are of interest both for the connection with Bratteli diagrams and for the fact that, together with our previous findings in [25] , they saturate this connection, i.e., the entries in all of the Bratteli diagram are now accounted for in terms of the 1-1 correspondence with n Z (L y , d) numbers for these cyclic and G D strip graphs.
We observe that the Bratteli diagram also has a combinatoric interpretation. Consider random walks on the non-negative integers that begin at the origin and have the property that the walker moves by +1 or −1 spaces at each step. The (n, m) entry in the Bratteli diagram is the number of random walks of this type, consisting of n steps, that end at m − 1. Note that the number of random walks of this type that consist of 2n steps (a misprint in [25] had this as n steps) is the Catalan number C n . The recursion relation (4.5) follows immediately from this.
Width L y = 1
It is of interest to calculate Potts model partition functions and chromatic polynomials for these families of self-dual graphs. In this section we shall discuss the chromatic polynomial for the lowest case, L y = 1, and in the next sections we shall present calculations of the chromatic polynomials for 2 ≤ L y ≤ 4 and shall analyze the zeros of these polynomials in the complex q plane and their accumulation sets as L x → ∞. In a separate publication we shall present more lengthy calculations of the full Potts model partition functions.
We recall that the L y = 1 family is comprised of the wheel graphs (W h) with L x vertices on the rim and a central vertex, with edges forming "spokes" connecting this central graph to the vertices on the rim. The n-vertex wheel graph can be constructed as the "join" (W h) n+1 = K 1 + C n , where K n and C n are the complete graph and the circuit graph on n vertices, respectively. (The join of two graphs G and H is defined as the graph obtained by connecting each vertex of G to every vertex of H by edges. The complete graph K n is defined as the graph with n vertices such that each vertex is adjacent to every other vertex.) The chromatic polynomial has the form of (2.2) with N P,Ly=1,λ = 2 and the terms
and coefficients
Here and below for brevity we write λ Ly,j for λ P,Ly,j and c Ly,j for c P,Ly,j . Thus,
The continuous locus B formed as the continuous accumulation set of chromatic zeros in the limit L x → ∞ limit, is the unit circle centered at q = 2 [6, 7] B :
Evidently, this intersects the real axis at q = 1 and q = 3. The locus B separates the q plane into two regions, R 1 and R 2 , which are, respectively, the exterior and the interior of the circle (5.6). In region
In any other region than R 1 , only the magnitude |W | can be determined unambiguously [6] , and we have |W | = 1 for q ∈ R 2 . (5.8)
Except for the single discrete zero at q = 2, the chromatic zeros lie exactly on the circle |q − 2| = 1 and occur with a density that is a constant as a function of angular position on this circle [7] .
6 Width L y = 2
Our general formula (3.2.15) yields the result that there are N P,Ly=2,λ = 5 terms for this width L y = 2. The chromatic polynomial has the form (2.2) with the following terms, listed in order of descending degree of their associated coefficients.
and the corresponding coefficients c 2,1 = κ
for j = 2, 3 (6.5)
The locus B is shown in Fig. 2 , together with chromatic zeros for a long finite strip. Evidently, the chromatic zeros (except the discrete zero at q = 2), which eventually merge to form this locus in the L x → ∞ limit, generally lie close to the curves on B. This locus divides the q plane into three regions: (i) region R 1 including the intervals q > 3 and q < 1 on the real axis and extending outward to infinitely large |q|; (ii) the region R 2 including the real interval 5/2 < q < 3, and (iii) the innermost region R 3 including the real interval 1 < q < 5/2. There are triple points at which all three regions are contiguous at q = q t , q * t , where q t ≃ 5/2 + 1.27i. Note that the part of the boundary B separating regions R 2 and R 3 is the line segment Re(q) = 5/2, −Im(q t ) < Im(q) < Im(q t ). In region R 1 , λ 2,4 is dominant, so W = (λ 2,4 )
for q ∈ R 2 (6.8)
As is evident in Fig. 2 , the locus B crosses the real q axis at q = 1, q = 5/2, and q = 3. 7 Width L y = 3
Here our general formula (3.2.15) yields N P,Ly=3,λ = 13. We have calculated the chromatic polynomial and obtain the following results, where again the λ's are listed in order of descending degree of their coefficients. The first term is
Next, the λ 3,j for 2 ≤ j ≤ 4 are the roots of the equation
The λ 3,j for 5 ≤ j ≤ 9 are the roots of the equation
Finally, the λ 3,j for 10 ≤ j ≤ 13 are the roots of the equation
The corresponding coefficients are c 3,1 = κ (4) (7.5)
for 2 ≤ j ≤ 4 (7.6)
for 5 ≤ j ≤ 9 (7.7)
for 10 ≤ j ≤ 13 .
The locus B defined in the L x → ∞ limit is shown in Fig. 3 , together with chromatic zeros for a long finite strip. This locus divides the q plane several regions, including (i) R 1 , which contains the real intervals q < 1 and q > 3 and extends outwards to infinite |q|; (ii) R 2 , which contains the real interval from q ≃ 2.637 to q = 3; (iii) R 3 , which contains the real interval 1 < q < 2.637; and (iv) the complex-conjugate pair of small regions R 4 , R * 4 , centered approximately at q ≃ 0.44 ± 1.67i. The density of chromatic zeros varies in different parts of B; this density is low on the portion of B that passes through q = 1 and on the inner sides of the small regions R 4 , R * 4 . In R 1 , the dominant term is a root of the quartic equation (7.4), which we denote λ 3,R1 , so that
In regions R 2 and R 3 , the dominant terms are two different roots of the fifth-degree equation (7.3), and a root of this equation is also dominant in the complex-conjugate pairs of regions R 4 , R * 4 . There are three complex-conjugate pairs of triple points on B. Our experience with the L x → ∞ limits of other families of strip graphs showed that there can often be additional extremely small regions [43] ; we have not made an exhaustive search for these.
L y = 4
Here our general formula (3.2.15) gives N P,4,λ = 35. We have The λ 4,j for 3 ≤ j ≤ 5 are roots of the equation
These λ 4,j , 2 ≤ j ≤ 5 have the coefficient
The other 30 terms consist of roots of two equations of degree 9 and an equation of degree 12. Since these are rather lengthy, they are relegated to the appendix of the copy of this paper in the cond-mat archive. As before for the other G D strips studied in this paper, these equations are in 1-1 correspondence with the coefficients listed in Table 1 , so that all of the roots of a given equation have the same coefficient, as specified in this table. The locus B defined in the L x → ∞ limit is shown in Fig. 4 , together with chromatic zeros for a long finite strip. This locus B divides the q plane into a number of regions. These include (i) R 1 , which contains the real intervals q < 1 and q > 3 and extends outwards to infinite |q| as before; (ii) R 2 , which contains the real interval from 2.746 < ∼ q < 3; (iii) a narrow region R 3 , which contains the real interval (1/2)(3 + √ 5) < ∼ q < ∼ 2.746, and (iv) R 4 , which contains the real interval 1 < q < ∼ (1/2)(3 + √ 5); (v) the complex-conjugate pair of small regions R 5 , R * 5 , centered approximately at q ≃ ±1.4i; and (vi) a complex-conjugate pair of tiny sliver regions R 6 , R * 6 located around q ≃ 5/2 ± 1.55i. We note in passing that (1/2)(3 + √ 5) = B 5 = 2.61803..., where B r = 4 cos 2 (π/r) is the Tutte-Beraha number. The same caveat given above again applies; we have not made an exhaustive search for other even tinier sliver regions. The small regions R 5 and R * 5 extend into the Re(q) < 0 half-plane. In region R 1 the dominant term is a root of the ninth-order equation with coefficient κ
which we denote λ 4,R1 , so that W = (λ 4,R1 ) 1/4 . The density of chromatic zeros is lowest on the portions of B that pass through q = 1 and q = B 5 and is intermediate on the portion that passes through q = 3.
General Features
Our exact results exhibit a number of features:
• For a given width L y , the λ Ly,j with coefficient c Ly,
of which there are n P (L y , d), are roots of an algebraic equation of degree at most n P (L y , d). For example, for L y = 3, the λ 3,j with coefficients κ (d) , d = 4, 3, 2, and 1 are, respectively, roots of equations of degree 1,3,5, and 4. This case illustrates the possibility that the degree of the corresponding equation is equal to n P (L y , d). A case illustrating the possibility that it is less is, e.g., that for L y = 4, where the λ 4,j for 2 ≤ j ≤ 5 with coefficients κ (4) are roots of a cubic equation and a linear equation.
• Our general structural analysis shows that for a given L y , there is a unique term λ Ly,1 with coefficient of maximal degree, and this coefficient is κ (Ly+1) . From our calculations we infer the general result that λ Ly,1 = (−1) Ly .
• Another inference concerns the set of terms λ Ly,j with coefficients κ (Ly) . There are L y of these terms as shown in (3.2.8). Letλ Ly,j = (−1) Ly+1 λ Ly,j . Then theλ Ly,j 's and hence the λ Ly,j 's with coefficients κ (Ly) can be calculated as follows. Denote the equation whose solution isλ Ly,j as f (L y , ξ). Thus, f (1, ξ) = ξ − (q − 2) and
The λ Ly,j 's for higher values of L y are then given by
We find that (i) if L y = 1 mod 3, one of the λ Ly,j 's with coefficient κ (Ly) is λ Ly,j = (−1) Ly+1 (q −2); (ii) if L y = 2 mod 5, two others are (−1) Ly+1 times the roots of f (2, ξ);
(iii) if L y = 3 mod 7, three others are (−1) Ly+1 times the roots of f (3, ξ) ; and so forth.
• The term that is dominant in region R 1 is the (real) root of an equation with degree n P (L y , 1) = M Ly of maximal magnitude and has coefficient κ (1) = q.
• The locus B for the L x → ∞ limit of the family G D (L y × L x ) crosses the real axis and divides the q plane into various regions. This is in accordance with our earlier conjecture that a sufficient (not necessary) condition for families of graphs to yield a B that divides the q plane into different regions is that it contain global circuits, equivalent to periodic longitudinal boundary conditions for strip graphs. (Recall that for strip graphs with free longitudinal boundary conditions, B does not, in general, cross the real axis or divide the q plane into regions containing this axis [37, 38] .)
• In each case where we have an exact solution, we find that B crosses the real axis at q = 1 and q = 3.
The finding that the locus B crosses the real axis on the left at q = 1 is different than, but related to, our earlier finding [6, 43] , [45] - [49] , [52, 53] that for the L x → ∞ limits of lattice strip graphs with periodic longitudinal boundary conditions and either free or transverse transverse boundary conditions, B crossed the real axis on the left at q = 0. For brevity of notation, we shall denote periodic and free longitudinal boundary conditions as PBC x and FBC x , respectively, and similarly, periodic and free transverse boundary conditions as PBC y and FBC y . The present behavior can be understood as a consequence of the property that all of the vertices on the upper side of the strip are connected to a single external vertex. This is especially evident for the lowest case L y = 1; here, as discussed in [6, 7] , it simply shifts the B for the L x → ∞ limit of the circuit graph, |q −1| = 1, one unit to the right in the q plane to form the locus (5.6). Hence, in particular, the crossing that would be present at q = 0 for the circuit graph is shifted to a crossing at q = 1. This suggests that the crossings that are present at q = 1 for all of the cases for which we have exact solutions are universal in the same sense that the crossing on the left at q = 0 was universal for the strip graphs with PBC x and either FBC y or PBC y .
One of the most interesting features of the present work is the property that for all of the cases that we have studied, the point at which B crosses the real axis on the right, q c , is also the same for different strip widths L y . This is different from our earlier findings with lattice strip graphs with PBC x and either FBC y or PBC y . There, we found that the generic behavior was, for a given set of these boundary conditions, and a given type of lattice, that q c (L y ) depended on L y . For example, for strips of the square lattice with PBC x and FBC x , q c = 2 for L y = 1 and for L y = 2 [6] , while q c ≃ 2.34 for L y = 3 [43] and q c ≃ 2.49 for L y = 4 [52] . From these results, we conjectured that q c is a monotonically non-decreasing function of L y for lattice strips with PBC x and FBC y [49] . In contrast, we showed that q c was not a monotonic function of L y for lattice strips with PBC x and PBC y . For example, q c = 2 for L y = 2 (here the PBC y and FBC y results coincide), and q c then increases to the value q c = 3 for L y = 3, but decreases to q c ≃ 2.78 for the next greater width, L y = 4 [53] . We inferred from these results that the crucial property (aside from having PBC x so that B is guaranteed to cross the real axis and define a q c ) is the type of transverse boundary conditions. The transverse boundary conditions for the G D family of strip graphs are of neither pure free nor periodic type; the lower side of the strip has free boundary conditions while the vertices on the upper side are all connected to a single external vertex. We can characterize the strips with PBC x and the various transverse boundary conditions by the number of sides with free boundary conditions; this number is 2 for FBC y , 1 for our present G D family, and 0 for PBC y . It is therefore plausible that the above-mentioned conjecture that q c is a non-decreasing function of L y for (PBC x ,FBC y ) strips also holds for G D strips. Accepting the validity of this conjecture, one can immediately infer the universality of the property q c = 3, independent of L y , as follows. This property q c = 3 holds for at least one value of L y , say, L y = 1. One also knows that in the limit L y → ∞, q c = 3 for the (infinite) square lattice [21] . Therefore, since the conjecture states that q c cannot decrease as L y increases and since exact results show that it has already achieved its L y = ∞ value at L y = 1, it must remain at this value for all larger widths L y .
As L y increases toward infinity, one would expect that, in a certain sense, the effect of the single external vertex connected to each of the vertices on the upper side of the strip would become negligible. It would follow from this reasoning that in the limit L y → ∞, the left-hand complex-conjugate arms of B would curve around, approaching the point q = 0, and finally meet at this point to form a closed component on B. Our results are consistent with this conjecture; we find that for the two largest values of L y , where these left-hand arms are present (each with its own small region), they do approach the origin more closely for L y = 4 than for L y = 3.
10 Comparisons of W (L y , q) for different L y
As we have before for various infinite-length, finite lattice strips [40, 52, 53] , it is of interest to compare our exact solutions for W at a given q, for various widths L y , with the corresponding value of W for the infinite lattice, equivalent here to the limit L y → ∞. The range of q values for which this comparison is useful is determined by the values for which there is nonzero ground state entropy, W > 1 associated with the property that the number of ways of coloring the vertices of the strip such that no two adjacent vertices have the same color increases exponentially fast as W n as the number of vertices n → ∞ (cf. eq. 1.2). Here the limit n → ∞ is taken by sending L x → ∞. Although the chromatic number χ alternates between 3 and 4 depending on whether L x is even or odd, one can take the limit of infinite length with L x even, and hence this sequence of families of graphs has χ = 3, i.e., the abovementioned proper coloring can be carried out for q ≥ 3. We thus make the comparison of the values of W (q) for various widths with the values of W (sq, q) for the infinite square lattice for this range q ≥ 3. Except for W (sq, q = 3) = (4/3) 3/2 [21] , the values W (sq, q) are not known exactly; we use the Monte Carlo calculations that were performed as part of [33] for this purpose. For the comparison, as before, we define the ratios
The results are shown in Table 5 . The property that all of the vertices on the upper surface of the strip, as represented in Fig. 1 are connected to an external vertex has the effect of restricting the coloring of the strip and thereby reducing the value of W (G D (L y × ∞), q) relative to the value for a strip of the square lattice with the same periodic longitudinal boundary conditions, width, and q, but free transverse boundary conditions, W (G s (L y ×∞), F BC y , P BC x , q). In [40] a theorem was proved that for fixed q, W (G s (L y × ∞), F BC y , P BC x , q) is a monotonically decreasing function of L y which thus approaches the value of W (sq, q) for the infinite square lattice from above. Here, because of the effect of the coloring restriction due to the connections of all of the vertices on the upper surface to the single external vertex, the situation is different. Indeed, we find numerically that (for q > q c ) over the range 1 ≤ L y ≤ 4 where we have obtained exact solutions, W (G D (L y × ∞), q) is an increasing function of L y for fixed q in the range q ≥ q c where . There are two effects depending on the strip width L y that one can identify here, and these act in opposite directions. The first is that as the width increases, the restriction, per site, due to the connections of the vertices on the upper side to the external vertex is ameliorated, since these vertices occupy a smaller fraction of the total number of vertices as L y increases. This is the dominant effect and tends to increase W . The second is that on the other (lower) side of the strip there is more freedom in coloring the vertices since they have no neighbors below them. These lower-side vertices occupy a smaller fraction of the total as L y increases, and this tends to decrease W . It may be recalled that the proof given in [40] for the monotonic decrease of W (G s (L y × ∞), q) for fixed q ≥ q c as a function of L y for the case of free transverse boundary conditions relied upon this second effect. In that case, the vertices on both the upper and lower sides of the strip, which had greater freedom of coloring because of their reduced degree (number of neighboring vertices) occupied a commensurately smaller fraction of the total number of vertices as the strip width increased, and this yielded the result of the theorem. Here, however, one has a more complicated situation in which there are the two above-mentioned countervailing effects.
As in previous works, we also record the value of W at certain other points in region R 1 , in particular, q = 0 and q = 1; these are given in Table 6 . Here we recall the order of limits used in our definition of W , (1.3). With the opposite order of limits, one has W (q) nq = 0 for q = 0, 1, and 2, for any L y . 
Conclusions
Summarizing, in this paper we have presented a number of exact results for the partition function Z(G D , q, v) of the q-state Potts model and the T = 0 antiferromagnetic special case given by the chromatic polynomial P (G D , q), on families of self-dual strip graphs G D of the square lattice of width L y and arbitrarily great length L x with periodic longitudinal boundary conditions. We determined (i) the general coefficients c Z,Ly,j and c P,Ly,d in terms of Chebyshev polynomials, (ii) the numbers n Z (L y , d) and n P (L y , d) of terms in Z and P with each type of coefficient, and (iii) the total number of terms N Z,Ly,λ and N P,Ly,λ . We have pointed out interesting connections between the n Z (L y , d) and Temperley-Lieb algebras and between the N F,Ly,λ , F = Z, P , and enumerations of directed lattice animals. We proceeded to present exact calculations of P for 2 ≤ L y ≤ 4 and to study the analytic structure of the resultant W functions in the complex q plane. A particularly interesting finding is a universal value, q c = 3, for all of the widths L y considered, which, furthermore, is equal to the value for the infinite square lattice. This is the first family of finite-width, infinite-length lattice strips for which we have found this type of universality of q c .
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